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Abstract: In their paper on the embeddings of the line in the plane, Abhyankar and Moh proved an
important inequality, now known as the Abhyankar-Moh inequality, which can be stated in terms of the
semigroup associated with the branch at infinity of a plane algebraic curve. Barrolleta, Garcia Barroso
and Ploski studied the semigroups of integers satisfying the Abhyankar-Moh inequality and call them
Abhyankar-Moh semigroups. They described such semigroups with the maximum conductor. In this paper
we prove that all possible conductor values are achieved for the Abhyankar-Moh semigroups of even
degree. Our proof is constructive, explicitly describing families that achieve a given value as its conductor.
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1. Introduction

Suzuki [1] and Abhyankar and Moh [2] proved independently that the affine line can be embedded
in a unique way, up to ambient automorphisms, in the affine plane. Let us indicate some details of
this fact. Let K be an algebraically closed field of arbitrary characteristic. A polynomial mapping
Opg: K— K? defined as 0 pq(x,y) = (p(x,),q(x,y)) is a polynomial embedding of the line K if there
is a polynomial map g : K> — K such that g(p(?), ¢(¢)) = t in K[¢]. This is equivalent to the equality
K[p(®),q(0] = K11.

An affine curve C C K? is an embedded line if there exists a polynomial embedding o, , such that
0,4(K) = C. Itis easy to check that any embedded line is an irreducible affine curve.
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Let C be an embedded line with a minimal equation f(x,y) = 0. After [2], the curve C has only
one place at infinity, that is, the closure C of C in the projective plane has only one point O, on the
line at infinity, and it is unibranch at O, (the polynomial f(x,y) is irreducible as an element of the
formal power series ring K[[x,y]]). In this case, associated with C we have a numerical semigroup
S (C) consisting of zero and all intersection numbers of C with all algebroid curves not having C as an
irreducible component. By the Bresinsky-Angermiiller Theorem ( [3] for zero characteristic and [4] for
arbitrary characteristic) there exists a (unique) sequence (v, ..., v;), called the characteristic at infinity
of C, generating S (C) where v is the degree of C.

Assume that C is an affine irreducible curve of degree greater than 1 with one branch at infinity and let
(Vo, . . ., V) be its characteristic at infinity. Suppose that gcd(deg C, ordp_C) # 0 (mod char K). Then,
after [2]

gcd(vo, ..., Vv < v(z). (1.1)

The condition ged(deg C, ordp_C) # 0 (mod char K) is automatically satisfied when the characteristic
of K is zero, but otherwise it is essential.

The inequality (1.1) is called the Abhyankar-Moh inequality. Originally, this inequality appears
linked to the Puiseux expansion of the given branch at the infinite place (see [2, equality (35)]).
The semigroups of integers associated with branches and satisfying the Abhyankar-Moh inequality
are called Abhyankar-Moh semigroups of degree v, (the order of the branch). The Abhyankar-Moh
semigroups were studied in [5], where these semigroups with maximum possible conductor, which
is equal to (vo — 2)(vop — 1), were described. Later, in [6], a geometric interpretation of the branches
with Abhyankar-Moh semigroup and maximum possible conductor was given. It is well known that the
conductor of an Abhyankar-Moh semigroup of degree v, is an even integer belonging to the interval
[vo — 1, (vg — 1)(vg — 2)]. Our main result is the following:

Theorem A. Let n > 2 be an even natural number. For any even number c withn—1 < ¢ < (n—1)(n-2),
there is an Abhyankar-Moh semigroup of degree n and conductor equal to c.

In order to prove Theorem A, we start by computing in Section 3, in an algorithmic way, the set of
all Abhyankar-Moh semigroups of a fixed degree (see Algorithm 2). Section 4 is devoted to the proof of
Theorem A. This proof is constructive, and the algorithms of Section 3 play a fundamental role in it.

From the computational point of view, it remains, as an open question, to determine the values of
conductors reached by the Abhyankar-Moh semigroups of odd degree, but it seems that this poses new
computational challenges. From the geometric point of view, the next step would be to geometrically
characterize the branches with Abhyankar-Moh semigroups of even degree, studied in this paper, following
the line given in [6] for those with the maximum possible conductor.

2. Preliminaries

A numerical semigroup S is an additive submonoid of N with finite complement in N. It is well
known that numerical semigroups are finitely generated, and their minimal generating sets are unique.
The largest integer in N \ S is called the Frobenius number of S. The conductor of S is the Frobenius
number of S plus 1.

Given a finite set A = {ay, ..., a,} C N, A is the generating set of S when § = Na; +- - - + Nag,. In this
work, when A is the minimal generating set of S, we assume that a; < --- < a,. When we write S = (A),
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we imply that A is the minimal set of generators of S. The cardinality of the minimal generating set of
S is called the embedding dimension of S .

A sequence of positive integers (vo,..., V) is called a characteristic sequence if it satisfies the
following two properties:

(CS1) Put e, = ged(vg, ..., ) forO <k < h. Then, e, < e;_;forl <k<hande, =1.
(CSZ) Cr—1Vk < €;Vit1 forl <k<h-1.

We put n, = eZ—;' for 1 < k < h. Therefore, n, > 1 for 1 < k < hand n, = e¢,_. If h = 0, the only
characteristic sequence is (vo) = (1). If &2 = 1, the sequence (vy, v;) is a characteristic sequence if and
only if ged(vo, vi) = 1 and vy > 1. Property (CS2) plays a role if and only if 2 > 2.

Lemma 1. ( [5, Lemma 1.1]) Let (v, . .., v,) be a characteristic sequence with h > 2. Then,

() vi <+ <y, and vy < v,
(11) Let vi < vg. If vo # 0, (mod vy), then (vi,Vvg, V2, ..., V) is a characteristic sequence. If vy = 0,
(mod vy) then (vi,Vva,...,Vy) is a characteristic sequence.

A semigroup S C N is strongly increasing (SI-semigroup) if S # {0} and it is generated by a
characteristic sequence, that is, S = Ny, + --- + Ny,. We will denote by S = S(vg, vy,...,v,) the
numerical semigroup generated by the characteristic sequence (vo, vy, ..., Vi).

A SI-semigroup S (v, vi, ..., v;) € Nis an Abhyankar-Moh semigroup (A-M semigroup) of degree
n = vy > 1 if it satisfies the Abhyankar-Moh inequality

eh_1vp < nz.

Observe that the semigroup N = S(n, 1) for any n € N, so N is an Abhyankar-Moh semigroup of any
degree.

The conductor of the A-M semigroup S = S (vo, Vi,...,Vp) 1S
h
c(§) = ) (m— Dy =vo + 1, 2.1)
i=1
where n; = ee;‘ fori e {l,...,h}. Moreover c¢(S) is an even integer (see [5, Proposition 1.2]).
Remark 2. If S = S(vy,vi,...,vy) is an A-M semigroup of degree n = vy > 1, then vy > vy, since

eV < ey < -+ < ey, <n* =g,

LetS = S(v,vi,...,v;) be an A-M semigroup of degree n = vy > 1. If ¢(S) is the conductor of S,
then, by [5, Theorem 2.2],
cS)Y<mm-1n-2). 2.2)
Moreover, )
c(S)=(m-1)n-2)if and only if v, = T exforl <k<h. (2.3)
€k-1

Hence, if § # N is an A-M semigroup of degree n > 1, its conductor ¢(S) is an even integer satisfying
the inequalities
n—1<cl§)<(n-1)n-2). 2.4)
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By Remark 2 we get that the only A-M semigroup of degree 2 is generated by the characteristic
sequence (2, 1). Such a semigroup achieves the upper bound for the conductor, given in (2.2).

After [5, Proposition 1.2], if (vo, vy,...,v;) is a characteristic sequence and S = S (v, Vi, ..., Va),
then {min(vy, v{),vs,...,vu—1, s} 1s a subset of the minimal generating set of S, and v, ¢ Nyy + Ny,.
Furthermore, for every w € S, (vo, vi, ..., Vi, W, Vi1, ..., V) 1s not a characteristic sequence, for every
i=0,...,h—1.

LetS = S(vo,Vi,...,vy) be a SI-semigroup. By Lemma 1, the characteristic sequences generating S
are the following:

e (Vo, V1, Vo, ..., Vp).

o IfV() <V, (Vl,V(), Vy,... ,Vh).

e If vi <vyand vy £ 0 (mod vy), (v, Vo, V2, - .., Vi).

e If vi <vgand vy =0 (mod vy), (vi,va,...,vy) and (vo, vy,..., V).

o (kvy,v(, Vi, va, ..., vy) for every integer k € [2,V]/v] where v, = min(vy, v{), v{ = max(vo, v1), and

vi # 0 (mod vp).

As a consequence, we determine the characteristic sequences generating a SI-semigroup given by its
minimal generating set.

LetS ={ay,...,a;) be aSl-semigroup. Then, from [5, Corollary 1.4], the characteristic sequences
generating S are the following:

e(ay,...,a,),
o (ar,ay,a3,...,4;) (2.5)
e and (kay, ay,as, ..., a,) for every integer k € [2,a,/a).

Similarly, the possible characteristic sequences generating an A-M semigroup given by its minimal
generating set can be described: Let S = (ay, ..., a,) be a SI-semigroup. If § is an A-M semigroup, then

S =8,a,as,...,a,), or S = S(kay,ay,a,...,4,) (2.6)
for every integer k € (—‘ng(a;’l""a’_')a', Z—f) For the first case, S should be an A-M semigroup of degree a,,
and it should be of degree ka, for the second (see [5, Proposition 2.1]).
Notice that if you want to check whether the semigroup {ay, ..., a,) is an A-M semigroup, you only
need to check whether it is an A-M semigroup of degree a,.

3. Computing Abhyankar-Moh semigroups

The A-M semigroups minimally generated by two elements are easy to describe. Whenever b >
a > 1 are two coprime integers, {(a,b) = S(b,a) is an A-M semigroup of degree b. Furthermore,
{a,b) = S (ka,a,b) is also an A-M semigroup of degree ka for every k € (Vb/a,b/a) N N.

A-M semigroups of higher embedding dimensions are completely characterized by gluings: The
gluing of S = (ay,...,a,) and N with respect to the positive integers d and f with gcd(d, f) = 1
(see [7, Chapter 8]) is the numerical semigroup Nda; + - - - + Nda, + Nf. We denote it by S &, s N.

Proposition 3. The set S is an A-M semigroup with embedding dimension t > 3 ifand only if S = S@, ;N
where S = (by,...,b,_1) is an A-M semigroup of degree m, and f,d are two coprime integers such that
dm? > f > dgcd(by,...,b,_2)b,_,. Moreover, the degree of § is dm.
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Proof. Consider § = (ay,...,a;). Putd = gcd(ay,...,a,_1), f = a,, bj = a;j/d foralli = 1,...,t— 1,
and the SI-semigroup S = (by,...,b,_;). Trivially, § = S ®,4,r N. Since S is a SI-semigroup,

~
Il

a; > ged(ay, ..., ar0)a; 1 /d = d ged(ai/d, . .. ,ai2/d)a;-1/d
dng(bl, e eey b[—2)bl—l'

By (2.6), the degree of S equals a,, or ka, for some integer k > 1. If we assume that the degree is

a,, then (ay, ay, as, . .., a,) 1s a characteristic sequence generating S, and a% > gcd(ay,...,a,.1)a,. Thus,
(by, b1, b3, . ..,b,_1) is a characteristic sequence generating S, and
2
by = (a/d)y’ > ged(ay, ... aiDa/d* > ged(ay, . .., a2)a,1/d

ged(by, ..., b2)b,y.

Hence, S is an A-M semigroup of degree m = b,.

Similarly, for the degree ka,, (kby, by, b,,...,b, 1) is a characteristic sequence generating S, and
(kby)?* = (ka;/d)* > gcd(by,...,b,2)b,_1, 50 S is an A-M semigroup of degree m = kb;. For both of the
previous possibilities, the inequality dm? > f is satisfied.

Conversely, let S = (by,...,b,_1) be an A-M semigroup of degree m € N and f,d be two
coprime integers such that dm?> > f > dgcd(b,...,b,»)b,_,. Since f > dgcd(bi,...,b,_»)b,_1,
S=8 @4 N =(dby,...,db,, f) is a SI-semigroup ( [8, Theorem 3]). Again, by (2.6), the possible
characteristic sequences generating S are (b,, by, b3, ...,b,_1) and (kby, by, bs, . .., b,_1), with degrees b,
and kb, respectively. Hence, the characteristic sequences generating S are (db,,db,,dbs, ..., db,, f)
and (kdb,,db,,db,, . ..,db,, f); and by hypothesis, we have the Abhyankar-Moh inequality (dm)* > df.
Thus, S is an A-M semigroup of degree dm. O

Let S be an A-M semigroup of degree m, and f > d > 1 are two coprime integers such that § &, ; N
is also an A-M semigroup of degree dm. Then, by [9, Proposition 10],

(S @y N) = de(S) + (d — 1)(f — 1), 3.1)

where c(S) denotes the conductor of S.

Denote by M(A) the largest element of the minimal system of generators of the numerical semigroup
(A), and s(A) = min(A \ {min(A)}), that is, the second element in A. Algorithm 1 computes all the A-M
semigroups with conductor less than or equal to a fixed non-negative integer.

Table 1 illustrates Algorithm 1: We collect all the A-M semigroups with conductor less than or equal
to 18. We also give the characteristic sequences associated with the given semigroups.
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Algorithm 1: Computation of the set of A-M semigroups with conductor less than or equal to

C.

Input: c e N\ {0, 1}.
Output: The set {A | (A) is an A-M semigroup with c({A)) < c}.

A—{{a,b} |1 <a<b,gedla,b)=1,ab—a-b+1<c};
forall k€ {2,...,c—1}do
B —{AeA|c(A)) =k};
forall A € Bdo
Ga — {(d, f) e N* | ged(f,d) = 1, s(A)* > f/d > ged (A \ {M(A)}) - M(A), ¢ >
L max{dk + (d — 1)(f — 1),d*(k — 1) + 1}};

| A< AULAV{f} | (A ) € Gak:

return A ;
Table 1. A-M semigroups up to conductor 18.

A-M semigroups Characteristic sequences
(2,3) {(3,2)}
(2,5) {4,2,5),(5,2)}
2,7) {4,2,7),(6,2,7),(7,2)}
2,9) {(6,2,9),(8,2,9),(9,2)}
2,11) {(6,2,11),(8,2,11),(10,2,11),(11,2)}
(2,13) {(6,2,13),(8,2,13),(10,2,13),(12,2,13),(13,2)}
(2.15) {(6,2,15),(8,2,15),(10,2,15),

’ (12,2,15),(14,2,15),(15,2)}
2.17) {(6,2,17),(8,2,17),(10,2,17),

’ (12,2,17),(14,2,17),(16,2,17), (17, 2)}
(2.19) {(8,2,19),(10,2,19),(12,2,19),

’ (14,2,19),(16,2,19),(18,2,19), (19, 2)}
(3,4) {(4,3)}
3,5) {(5,3)}
3,7) {(6,3,7),(7,3)}
(3,8) {(6,3,8),(8,3)}
(3,10) {(6,3,10),(9,3,10),(10,3)}
4,5) {5, 4)}
4,7) {(7,4)}
(4,6,13) {(6,4,13)}
4,6,15) {(6,4,15)}
4,6,17) {(6,4,17)}

Let n > 1 be an integer. A sequence of integers (d, . . . , d),) will be called a sequence of divisors of n

ifd;dividesd;_; for1 <i<handn=dy>d, > -+ > d,_; > d, = 1. In particular, if (vo, vy, ..

., V) is a

characteristic sequence, then (e, . .., e;) is a sequence of divisors of n = vy, where ¢; = gcd(vy, ..., V).

Electronic Research Archive Volume 31, Issue 4, 2213-2229.



2219

In this case we will say that (e, .. ., ;) is the sequence of divisors associated with (v, ..., vy).
Using sequences of divisors, in [5, Proposition 2.3] it was proved that
n’ n? n?
-d,——-dy,...,— —d;,...,— —1 3.2
( b s T G2

is a characteristic sequence, and the semigroup generated by it is an A-M semigroup of degree n and
conductor (n — 1)(n — 2) (which is the maximal possible conductor after (2.2)). Inspired by this idea,
using sequences of divisors, we introduce an algorithm for computing all the A-M semigroups for a
given degree (Algorithm 2). The following proposition is the key for providing this algorithm.

Proposition 4. Let n > 2 be an integer and D = (d,, . . . ,d)) be a sequence of divisors of n = dy. Then,
the characteristic sequence of any A-M semigroup with degree n and sequence of divisors equal to D is
of the form (n,d ki, ..., dykp), wzth1<k1_d 1, d;_ 2k,1+1<dk<——df0ranyl—2 .h,

and ged (%54, k) = 1 fori=1,....h.

Proof. Notice that the condition gcd( L k;) = 1 fori = 1,...,h guarantees that the characteristic
sequence (n,dky,...,d,k;,) has assocrated sequence of d1V1s0rs equal to D. It remains to check the
bounds on the %;. The case h = 1 is trivially verified. Suppose i > 2. Let vy = dy and v; = d;k; for any
i =1,...,h, and assume that (v, ..., v;) is the characteristic sequence of an A-M semigroup S of degree
n = vy and associated sequence of divisors (dy, . .., d;). Since A-M semigroups are SI-semigroups, by
the definition of v;, d;_1k; < d,+1k,+1 forallie{l,...,h— 1} Hence di1ki + 1 < d;1kip1. Moreover,

since l <vi<vy, 1<k < a — 1; and since d,_ 1kh < d and k;, < ]— — 1, this is enough to finish the

proof when i = 2. Consider now that 4 > 3. By Proposrtron 3,8 =81 84, p kh N where Sp-11s the
A-M semigroup of degree 2 generated by the characteristic sequence ( do i fo.., dh 1k’1 2, ki 1).

dhl’dhl
SO,dhzkh1<( ) Thenk,11<d T
l

process, forany i € {3,...,h — 1}, §; = S,_l @4,k N, where §;_; is the A M semigroup of degree d-_1

— 1, and hence d),_1k;,—1 < 7% — d)_,. In general, using this

generated by the characteristic sequence ( ddol , dd—llkl R d”*z k, a2, ki 1) For any i, the condition that S,
is an A-M semigroup implies that di- 2k, 1 < (do )?, and d, 1kion < 75 —diy. m|

Algorithm 2 provides a computational method to compute all A-M semigroups with fixed degree.
Note that this algorithm supports parallel deployment.

Table 2 shows all the A-M semigroups with degree eight. Note that, in this example, all the even
integers in [n — 1, (n — 1)(n — 2)] are the conductor of some A-M semigroup of degree n = 8. In this
work, we prove that this is true for all even degrees.

Itn>2,(d,...,d, =1)is asequence of divisors of degree n = dj, and we consider values k; as in
Proposition 4, then, by (2.1), the conductor of the A-M semigroup S (n, d 1k, . .., dyk;) 1s

h
cS(n,diky,...,dyky)) = Z(di‘l —d)ki—n+1. (3.3)

Note that the characteristic sequence given in (3.2) is (n,d ki, . . ., dyk;) for the maximum values of
k; obtained in Proposition 4. Moreover, as a consequence of that, we have the following corollary.
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Algorithm 2: Computation of the set of A-M semigroups with degree n.

Input: n e N\ {0, 1}.

Output: The set of the characteristic sequences of A-M semigroups with degree n.
Fn 0

D« {D = (dy,...,dy) | h € N, Dis asequence of divisors of n};

while D # () do

D = (dy,...,d,) « First(D);

K — |k, k) € N" | ged(ki,n) = -+ = ged(kp,n) = 1, 1 < ki <
—1,and d;rki_ 1 + 1 < dik; < % —d;forany i = 2,...,h};
forall (k;,...,k,) € K do
| T = Fa Ul diky, ..., diki));

D <D\ (D)

return 7, ;

Corollary 5. Let n > 2 be a natural number. Fix a sequence of divisors (dy = n,d,...,d,) of n. The
A-M semigroup of the form S (n, dky, ... ,dyk,) having the minimum conductor is given by k, = 1 and
ki= 92k, + 1, fori€{2,...,h}, and its conductor is ¥1=5 di(diz1 — ).

Proof. By (3.3) and according to Proposition 4, the minimum value of conductors of A-M semigroups
of the form S (n,d,ky, ..., dyk;) holds for the minimum values of k; fori =1,..., h.

For h = 1, the sequence of divisors (dy, dy,...,d;) 1s (n,1). So, S(n,1) = N, and its conductor is
zero, which is equal to the empty sum Zi_:lo di(diz.1 - 1).

Assume that & > 2. Put k; = 1, and for any i € {2,...,h}, we put k; = [d"‘zkf‘”l-l = d"‘ff"“ + 1.

d;
Notice that, since dizy

= 1s a divisor of ’—2 , we have ged (4 o diokiy 2k’ L + 1) = 1. Thus, the integers k; = 1
and k; = é—l_zki_l +1,forie{2,...,h} satlsfy Proposition 4; and then, S (n,d ky,...,dyk;) is the A-M
semigroup having the minimum conductor for the sequence of divisors (dy = n,d,, .. dh)

Note that, for k; = 1 and k, = dy- 2q" L+1,wehave k, = ° ? +1, and, in general, k, = 1d > 3da’,+1+
"” +1forgel2,...,h).

After (3.3), we get (S (n, diky, . .., dyky)) = X (diey — d)k; — n + 1. Thus,

h
C(S(I’l,dlkl,...,dhkh)) = diflki - del -n+1

h
di_ik; — de di—n+1

=2

h
d._
d ik — Z d; (721@_1 + 1) —di-n+1
=2

h
= dy 1k, — Zdi +1
i=0
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1 h-3 h
d—Zdl‘di+1+dh_2+1 —Zdl‘-i'l
h—-1 =0

i=0

h=2 h=2 h=2
D didii = Y di= ) didur — 1.
i=0 i=0 i=0

= dh—l

Table 2. All the A-M semigroups of degree 8.

Characteristic sequences Sequences of divisors Conductors
(8,2,9) (8,2,1) 8
(8,2,11) (8,2,1) 10
(8,2,13) (8,2,1) 12
(8,3) 8,1 14
(8,2,15) (8,2,1) 14
(8,2,17) (8,2,1) 16
(8,2,19) (8,2,1) 18
(8,2,21) (8,2,1) 20
(8,2,23) (8,2,1) 22
(8,4,9) (8,4,1) 24
(8,2,25) (8,2,1) 24
(8,2,27) (8,2,1) 26
(8,4,10,21) (8,4,2,1) 28
(8,5) 8,1) 28
(8,2,29) (8,2,1) 28
(8,4,10,23) (8,4,2,1) 30
(8,4,11) (8,4,1) 30
(8,2,31) (8,2,1) 30
(8,4,10,25) (8,4,2,1) 32
(8,4,10,27) (8,4,2,1) 34
(8,6,25) (8,2,1) 36
(8,4,10,29) (8,4,2,1) 36
(8,4,13) (8,4,1) 36
(8,6,27) (8,2,1) 38
(8,4,10,31) (8,4,2,1) 38
(8,6,29) (8,2,1) 40
(8,4,14,29) (8,4,2,1) 40
(8,6,31) (8,2,1) 42
(8,4,14,31) (8,4,2,1) 42
(8,7) 8,1) 42
(8,4,15) (8,4,1) 42
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Remark 6. Given an integer n = pi'---p{" > 2 with py > p, > --- > p, prime integers, the
maximum length of any sequence of divisors of n is A(n) = Y\_, @;. Moreover, if we fix h, a length
of the sequences of divisors of n, then it allows us to provide a lower bound for the integers which
could be realizable as the conductor of an A-M semigroup of degree n with an associated sequence of
divisors with length greater than or equal to h: Let us consider that with cj, := rnin{Zf’:_o2 di(diy1 — 1) |
(do,d,,...,dy) is a sequence of divisors of n}, if ¢ < ¢y, then c is not realizable as the conductor of an
A-M semigroup of degree n with an associated sequence of divisors with length greater than or equal to h.

Fix n € N, and let T}, be the set of sequences of divisors of n with length 4. Consider two sequences
D,D’ € UA(”)T;, If D and D’ have different lengths, we add zeros to the end of the one with the smallest
length so that D and D’ have the same length ¢, and we can compare D and D’ with the lexicographical
order <., as elements of N¢. We have

Proposition 7. Let n € N and D = (dy = n,dy,....dy), D' = (d) = n,d},...,d,) € U"T, with

D <ix D’. Then, the value Zf:oz di(d;z1 — 1) is at most Zf‘ 02 d(d,, —1).

Proof. Let D = (dy = n,d,,...,dy,) and D" = (d; = n,d],...,d;,) be two sequences of divisors of n
such that D <., D’. We may further assume that d; < d} (otherwise, d; = d| and we can truncate both
sequences, removing n, and see them as sequences of divisors of d; instead). Since d; and d| are both
divisors of n, then they are of the form d; = n/a, and d| = n/a} with a| < a,. Now, notice that, since D
is a sequence of strictly decreasing divisors of n, we have

dioy  di
d<—<—<,,,<_:
S5 <53 <

forevery i € {1,...,h}. Thus,

h-2 h-2
Zd(dm 1) =n(d = 1)+ ) didi — 1)
i=1

h=2
<n(d - 1)+ " (d—l.—1)

h-2
n 1
Sn(dl - 1)+ a—l(dl - 1);%

However, Y, 1/2%7! is a convergent series bounded above by 1. Therefore,

h—

[\

dildis = 1) < n(d, — 1) + aﬁ(d1 “D=nld -1 (1 + i). (3.4)
1

=0 i

We now prove the inequality

n(d; — 1)(1 + al) <n(d; - 1), (3.5)
1
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which is equivalent to proving that
d 1
di+— - —<d|.
a a

We prove a slightly stronger inequality, that is, we have the following inequality:

d, n n n a + 1 1
di+—<d & —+—<— <— = da+1)<da.
1 2 ’ 2 ’ 1 1

ap ap aj a; aj a;

However remember that @} < a;. Hence, &/ (a; + 1) < (a1 — 1)(@; + 1) = > = 1 < @, so the inequality (3.5)
follows. If we plug this in to the inequality (3.4), we obtain

h-2 h-2

h=2
D didi = 1) <n(d = 1) <n(dy = 1)+ Y difdy, = 1) = ) di(d, - 1),
i:O 1 l:O

=
as we wanted to show. O

Table 3 illustrates Proposition 7 for n = 105.

Table 3. List of sequences of divisors for degree 105 and minimum conductor of the A-M
semigroup associated.

Sequence of divisors Minimum conductor
(105,1,0,0) 0
(105,3,1,0) 210
(105,5,1,0) 420
(105,7,1,0) 630
(105,15,1,0) 1470
(105,15,3,1) 1500
(105,15,5,1) 1530
(105,21,1,0) 2100
(105,21,3,1) 2142
(105,21,7,1) 2226
(105,35,1,0) 3570
(105,35,5,1) 3710
(105,35,7,1) 3780

4. Conductors of A-M semigroups of even degree

Let ¥, be the set of Abhyankar-Moh semigroups of degree n > 2. Let &, = [n—1,(n—1)(n—2)]N2Z.
The cardinality of &, is

w when n is odd

1E, = 4.1)

—1)(n=3)+1 .
W when 7 is even.

For any ¢ € &,, is there an § € ¥, such that ¢(S) = ¢? We will prove that the answer is positive
when 7 is even. However, if n is odd, then this is not true. Indeed, suppose that S is an A-M semigroup
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of a prime degree n > 2. In this case, S = S(vo,v;), where n = v, is greater than v, v > 1, and
gcd(vy,vy) = 1. Hence,

Fo=1{n,vy) : 2<vi<n-1},
and the cardinality of ¥, is n — 2. By (4.1), the cardinality of &, is W + 1. Observe that
w + 1> n—2foranyn > 3. So, for n > 3, we conclude that there are values in &, which are not
realizable as conductors of an A-M semigroup of degree n. Remember that the only A-M semigroup
of degree 2 is N. Suppose that n is an even integer greater than 2. First, we will prove that for any

celn-1, ’

= 2) N 2N there is an A-M semigroup of degree n and conductor c.

Lemma 8. Let n > 4 be an even integer. The only A-M semigroup S of degree n with c(S') = n is the
semigroup generated by the characteristic sequence (n,2,n + 1).

Proof. The characteristic sequence (n,2,n + 1) determines an A-M semigroup with conductor n. Let us
prove the uniqueness. Let S be an A-M semigroup of degree n = c(§) determined by the characteristic
sequence (vo = n, vy, va,...,v). By [5, Proposition 1.2], ¢(§) = Zf?:l(n,- — 1)v; — vy + 1 with n; > 1 for
1 <i < h. Supposethath > 3. Since vy <n < vy, <vz <--- <y, wegetc(§S) > Z?:l(n,-—l)v,-—n+1 > n.
On the other hand, if 4 = 1,then¢(S) = nvy—n—v;+1. Sincen >v; > 3,¢(S) > 3n—-n—-vi+1>n+1.

Let us suppose that h = 2,s0e; = 1. Since v, > n+ 1, c(S) > (n; — 1)v; + (n, — 2)n. Observe
that for n, > 2 we get ¢(S) > n. So, n, = ey = 2, n; = n/2, and v; is an even integer. If vi > 4 then
c(S) > 2n -2 > n. Hence, v; = 2, and consequently, c(S) = nif and only if v, = n + 1. O

(n—1)(n-2)+n
0, (=l

Lemma 9. Let n > 4 be an even integer. For any q € | — 1), the semigroup generated by

(n,2,n+ 1+ 2q) is an A-M semigroup of conductor n + 2q.

Proof. The characteristic sequence (n,2,n + 1 + 2¢g) determines an A-M semigroup for any even integer
g < D=2 | with sequence of divisors (1,2, 1) and ¢(S (1, 2,1 + 1 +2¢)) = n + 2q. O

”22_ 2) N 2N, there is at least one A-M semigroup

Corollary 10. For any even integern > 4 and c € [n—1,
of degree n and conductor c.

Now, the target will be to prove that, if n > 4 is an even integer and ¢ € [”22‘ 2 (n—1)(n—-2)]N2N,
there is an A-M semigroup of degree n and conductor ¢. We will do it in several steps.

Lemma 11. Let n be a natural number such that n = 2r > 4, where r is odd. Let k € N be co-prime
withrand 1 < k <r — 1. The sequence (n,2k,v,) determines an A-M semigroup of degree n if and only
if it satisfies the following conditions:

1. v, is an odd number,
2. kn+1<v, <2r7 - 1.

Proof. It follows directly from the definition of an A-M semigroup. O

Suppose that (n = 2r, 2k, v,) defines an A-M semigroup of degree n, where 1 < k < r — 1 with
ged(r,k) = 1,s0eg =n =2r > ey =2 > e, = 1. Denote this semigroup by S(k, v,). The conductor
of S(k,v,) equals (r — 1)2k + v, — 2r + 1. Hence, if S(k,v,) and S(k, V) are two A-M semigroups of
degree n with v, < V), then ¢(S(k,v,)) < c(S(k,v))). If we fix k, varying v, we get A-M semigroups
attaining the following values for their conductor:

c(S(k,v,)) € [2kn — 2(k + 1) + 2, kn — 2(k + r) + 2r*] N 2N.
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Define I, := [2In = 2(I + r) + 2,In — 2(I + r) + 2r*] N 2N for any 1 < [ < r — 1. Note that for any

. . . . 2 _ . 2 _
li,l, e Nwith [} < b, I, N I, is the empty set if and only if [, > % Since % > 2h we

2

obtain that I;, N I}, # O for every [, € Nand [, € (/;, ”2"] N N. We want to show that by also varying

the values of k, we construct A-M semigroups covering all possible conductors. For that, we prove
the following lemma.

Lemma 12. Let r,l € N whereris odd, | <r—2 and gcd(l,r) = 1. Thereisa k € (l, ”7’] N N coprime
with r.

Proof. Let m := min {n eN: r-2"< ”7’} Notice that such an integer exists since [ < r — 2 by
hypothesis. We claim that k := r — 2" € (l, %’] and is coprime with r. Indeed, gcd(r — 2", r) =
gcd(2™,r) = 1, due to r being odd. Moreover, by definition of m, k < br - Assume by contradiction that
k=r—-2"<land then 2r — 2™ <[+ r, thatis, r — 2"! < “7’, which contradicts the minimality of m.
Hence, k € (l, ”7’] N N is as desired. O

Therefore, we conclude the following:

Proposition 13. Let n be a natural number such that n = 2r, where r > 1 is odd. For any even number
cwithn—1<c < (n—1)(n-2) there is an A-M semigroup of degree n whose conductor is equal to c.

Proof. It is enough to consider the characteristic sequences (n = 2r, 2k, v,) defining A-M semigroups.
Indeed, take L :={l € [1,r = 1] NN | ged(l,r) = 1} ={l}, L,...,L}, with [, < [, forany ¢t € {1,..., s}.
Lemma 11 and its following discussion tell us that, by considering these characteristic sequences, we
construct A-M semigroups whose conductors cover all the values in /;, U ... U [;,. Moreover, by Lemma

12, we know that I;, N [;,, # O forevery i € {1,..., s — 1}. Hence, we cover all even integers from the
minimum value in /;, to the maximum value in /; . Since /; = 1 and /; = r — 1, these values are n and
(n — 1)(n — 2), respectively. This concludes the proof. O

Remark 14. After Algorithm 1, we get that the A-M semigroups of degree 4 are S| = S(4,2,5),
S, =84,3)and S5 = S4,2,7), where c¢(S1) = 4 and c(S,) = c(S3) = 6. Hence, any c € &, is the
conductor of an A-M semigroup of degree 4. Observe that the sequence of divisors of S| and S is
(4,2, 1), and the sequence of divisors of S, is (4, 1).

Proposition 15. Let n be a natural number such that n = 2*r, where k > 1, and r > 1 is odd. For any
even number c withn — 1 < ¢ < (n — 1)(n — 2) there is an A-M semigroup of degree n whose conductor
is equal to c.

Proof. We use induction over k. Notice that for k = 1, the statement holds by Proposition 13.

Let us assume that k > 2 and that the proposition holds for k — 1. In addition, Remark 14 already
covers the case n = 4, and thus we can further assume that n > 8.

We first observe that, by Corollary 10, for every even ¢ € I} = [n — 1, ”27‘2), there exists an A-
M semigroup of degree n and conductor ¢. Thus, it remains to prove that the same is true for any
ce|52 (- Dn-2)|

On the one hand, as explained in Lemma 9, S’ = %, 2, % + 1) is an A-M semigroup with conductor
c(S’) = 5. One can check that the gluing § = §’ @MN = (n,4,n + 2, f) is an A-M semigroup for

every odd number f € [Zn +5, % - 1]. Furthermore, (3.1) tells us that

CG):2g+f—1:n+f—L
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Hence, through this gluing we have shown that for any even number ¢ belonging to I, :=
[3n +4, % +n-— 2], the semigroup S = (n,4,n + 2,c + 1 — n) is an A-M semigroup with conduc-
tor c.

On the other hand, by the induction hypothesis, for m = 5 = 2=, we can guarantee that, for every
even number ¢’ € [m — 1, (m — 1)(m — 2)], there exists an A-M semigroup S/, of degree m and conductor
¢’. It is not hard to check that the gluing

S(C’,fi) = S;’ ®2,fi N
is an A-M semigroup of degree 2m = n, for both values: f; = ”2—2 —land f; = % — 3. In addition, again
by (3.1), the conductor c(c’, f;) of S(c’, f;) is

cld, f)y=2+fi— 1.

Now, notice the relations
C(C',fz) = C(C',fl) -2
and

C(C’ - 2’ fl) = C(C/’ fZ) -2

These imply that, by making this gluing and recursively decreasing the value of ¢’, alternating it with
both f; and f,, we can assure the existence of an A-M semigroup of degree n and conductor c, for every
even number from the maximum possible value, that is,

2

c((m—1)(m—2),f1):2(g—1)(%—2)+%—2:(n—1)(n—2),

and all the way down to
2 2

n n n
C(m,fz):2§+3—3—123+7’l—4.

Overall, we have shown that, for any even number ¢ € I} U I, U I5 there exists an A-M semigroup
of degree n and conductor ¢, where I3 = [% +n—-4,(n—1)(n- 2)]. Clearly, I; and I5 overlap, and we
have that [y UL U I3 = [n—1,(n — 1)(n — 2)] as long as n > 8. Thus, the statement follows. O

Let p > 1 be a prime number and k be an integer greater than or equal to two. Note that, for
every A-M semigroup S of degree n = p*, ¢(S) is a multiple of p — 1 (see equation (2.1)). So,
cS)emn-1,(n-1)n-2)]Nn(p—-1HN.

Now, we will study the A-M semigroups of degree n = p*, where p is a prime number and k € N,
k > 1. For any natural number k; with 1 < k; < p*~! — 1, we define I, := [1, p*~! — p’k; — 1], and

Ay, = (P = D(pky = D +i(p— 1) : i €I, and ged(p,i) = 1}.

In the following proposition, we prove that for a fixed n = 2%, every value in [n—1, (n—1)(n—2)]N2N is
the conductor of some A-M semigroup of degree n. Furthermore, the conductors of the A-M semigroups
of degree n = p* are provided explicitly for any odd prime integer p, and the sequences of divisors of n
that determine these conductors are made explicit.
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Proposition 16. Let p > 2 be a prime number, and k > 2 is an integer. Any conductor of an A-M
semigroup with degree n = p* is obtained from, at most, two types of sequences of divisors:

1. For p, a prime odd number, the sequences are (p*, 1) and (p*, p,1);
2. For p =2 and k = 2, the sequence is (4,2, 1);

3. For p =2 and k = 3, the sequences are (8,2,1) and (8,4,2,1);

4. For p = 2 and k > 4, the sequence is (2,2, 1).

Moreover, for any odd prime number p, the set of the conductors of A-M semigroups of degree n is

k-2 P11

[ o - 1)})U{ g ﬂkl]-
i=1, ged(p,i)=1 ki1=1, ged(p,k1)=1

Proof. Let (pX, pki,v,) be a characteristic sequence where gcd(p, k) = gcd(p,v,) = 1. Note that the

semigroup S (p*, pki,v,) is an A-M semigroup if and only if p*k; < v, < p*~!. So, we assume that

ki €[1,p"" = 11and v, € [p*k; + 1, p**! — 1], with k; and v, coprime with p. Consider v, = p*k; + i

with i € I, = [1, p*! = p*k; — 1] and such thati # 0 mod p.

Thus, c¢(S) = (p* — D)(pk; — 1) + i(p — 1). Define c(p*, pky, p*ky + i) = (p* = D)(pk, = 1) + (p = 1)i.
This even value belongs to C(k;) N (p — 1)N, where C(k;) = [(p* — D(pky — 1) + (p — 1), (p* = D(pk; —
1)+ (p— D(p*~' = p*k; = 1)), for any i € I;,. Note that, for p = 2, ¢(2%, 2k, 2%k, + i) takes all the even
numbers in C(k;). In addition, for any integer k| such that k; < k|, we have that

(C(k) U C(k)) N 2N N (p — DN = [min C(k;), max C(k;))] N 2N N (p — 1)N 4.2)

if and only if min C(k}) < max C(k;) + max{2, p — 1}.

Assume that p > 3 and suppose gcd(p,k; + 1) = 1. In that case, the condition (4.2) holds for
ki+1< p'=1iffmin C(k, +1) < max C(k;)+ p— 1, that is, iff (p— D(p**~' = p*k; = 1) = p(p* = 1) > 0.
Since k; < p*! =2,

p-DP* ' =Pl -D-ppt-1) = (p-DP -1 -pKp* -1
= p'(p-2)+1>0.

Thus, the condition (4.2) holds when ged(p, k;+1) = 1. In the case where p and k; +1 are not coprime,
we have that ged(p, k; + 2) = 1, and the inequality min C(k; + 2) < max C(k;) + p — 1 is equivalent to
(p—D(p*'=p*k;—1)-2p(p*—1) > 0. Again, since k;+2 < p*~' =1, (p—1D)(p** ' = p*k;—1)-2p(p*-1) >
p*(p—3)+p+1 > 0. We conclude that, for p > 3, the condition (4.2) always holds. That means that, for
every k; € [1,p"' = 1]and i € I;, withi mod p # 0, c(p¥, pki, p’k +i) = (p* = 1)(pky = 1) +i(p—1) €
A =[minC(1),max C(p*' = DI N(p—- 1N = [n(p —1),(n— 1)(n—2)] N (p — 1)N. Note that A is the
union of the disjoint sets

k71—1

p
Ay, = {e(p*. pki. pK + i) | i € I, and ged(p. i) = 1],
ki=1, ged(p.kp)=1
and
Pt
A, = {e(p", pki, pki + i) i € I,, and ged(p, i) # 1.

k1=1, ged(p.k1)=1
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The elements of A, are not the conductors of any A-M semigroup of degree n. Suppose there exists
an A-M semigroup S’ of degree n such that its conductor belongs to A; . If the characteristic sequence
of §” is (p*,vy) with ged(p,vy) = 1, then c(S") = (p* — D(v; = 1) = (p* = D)(pk; — 1) +i(p — 1), and
(p* = v, = (p* = 1)pk; +i(p — 1). However this is not possible since ged(p* — 1, p) = ged(p, v;) = 1.
If the length of the characteristic sequence of S’ is greater than or equal to three, by Proposition 3,
there exists an A-M semigroup S”, g € Nand f € N with 1 < ¢ < k and ged(p, f) = 1, such that
S’ = 8" &, s N. Thus, by equality (3.1), ¢(S’) = p?c(S”)+ (p? = D(f = 1) = (p* = D(pk; = 1) +i(p—1),
and (p? — 1)f = (p* = Dpky +i(p — 1) — p?c(S”) — p?(p*~7 — 1). Since ged(p? — 1, p) = ged(p, f) = 1,
it does not hold.

Note that, by Proposition 3 and the equality (3.1), n(p — 1) is the smallest conductor of an A-M
semigroup of degree n that can be obtained from characteristic sequences of length greater than or equal
to three. Moreover, the set of the conductors of the A-M semigroups of degree n with a characteristic

sequence of length two is Uflk;zl acd(p v]):]{(vl - D(p* - 1)

Summarizing, we have just ﬁrovéd that, for every prime odd number p > 3 and k > 2, the conductor
of any A-M semigroup with degree n = p* is equal to i(p*—1) with i € [1, p*—2] satisfyingi mod p # 0,
or it is equal to (p* — 1)(pk; — 1) + i(p — 1) where k; € [1, p*! — 1] and i € I}, such thati mod p # 0.
For the first type, their sequences of divisors are (p*, 1), and we have (p*, p, 1) for the second one.

For p =2, gcd(2,k; + 1) # 1, but ged(2, k; + 2) = 1. Hence, the condition (4.2) holds if and only if
221 _ 2k, — 22 4+ 3 > (. Using the upper bound of k;, 227! — 2k, —2M2 + 3 > 221 _ 5.2k 4 5 It
is easy to prove that 2%*=! —5.2¢ + 5 > ( for any k > 4. Therefore, for k > 4, every even number in
[n—1,(n - 1)(n — 2)] is realizable as the conductor of an A-M semigroup with the sequence of divisors

(2%,2,1). The particular cases k = 2, and k = 3 are showed in Remark 14 and Table 2, respectively. 0O
By Proposition 15 and Proposition 16, for p = 2, we have the following,

Theorem A. Let n > 2 be an even natural number. For any even number c withn—1 < ¢ < (n—1)(n-2),
there is an A-M semigroup of degree n and conductor equal to c.

Open question: Characterize the values of conductors of A-M semigroups of odd degree. Note that
Proposition 16 solves this question for degree p* with p any prime integer.
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